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BLENDERS IN CENTER UNSTABLE HENON-LIKE FAMILIES: 

WITH AN APPLICATION TO HETERODIMENSIONAL 

BIFURCATIONS 

LORENZO J. DIAZ, SHIN KIRIKI, AND KATSUTOSHI SHINOHARA 



O 

Cn Abstract. We give an explicit family of polynomial maps called center un- 

5^ stable Henon-like maps and prove that they exhibits blenders for some param- 

^J^ etervalues. Using this family, we also prove the occurrence of blenders near 

.^^ certain non-transverse heterodimensional cycles under high regularity assump- 

tions. The proof involves a renormalization scheme along heteroclinic orbits. 

l/^ We also investigate the connection between the blender and the original het- 

y~~i erodimensional cycle. 



1. Introduction 



This paper has two main goals. The first one is to exhibit an exphcit family 

of quadratic polynomial maps in dimension three (center unstable Henon-like fam- 

y ilies) with blenders. The second one is to prove the occurrence of blenders near 

certain non-transverse heterodimensional cycles and the connections between them 

I under high regularity assumptions. The two previous results are related as follows: 

^ associated to the non-transverse heterodimensional cycles there are renormalization 

^■f) schemes converging to center unstable Henon-like families. 

^^ We now briefly discuss the three main topics of this paper: blenders, non- 

li. transverse heterodimensional cycles, and renormalization. In what follows we as- 

sume that the dimension of the ambient space is three. 



C^ Blenders and Henon-like families. Blenders (see Definition 2.1) only appear 

C^ in dimension greater than or equal to 3 and are just a special type of hyperbolic 

". , sets A of diffeomorphisms / which are maximal invariant in a neighborhood A, 

J> that is, A — n„gz/"(A). We consider the case where the stable direction is one- 

dimensional. Then the blender A has a dominated splitting with three hyperbolic 
directions (the stable, the center unstable, and the strong unstable directions). A 
C^ key property of a blender is its internal dynamical configuration that implies that 

every curve which crosses a distinctive open region of A and is almost tangent to 
the one-dimensional strong unstable direction intersects the local stable manifold 
of A. This roughly means that A topologically behaves as a hyperbolic set with 
stable manifold of dimension two. Another relevant property of a blender is its 
robustness: for diffeomorphisms g near / the continuation of the hyperbolic set A 
for g is also a blender. 

A blender is an important ingredient for obtaining robust non-hyperbolic dynam- 
ics: blenders play a similar role as the thick horseshoes introduced by Newhouse 
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[l4l [T5] . They are used to turn heterodimensional cycles and homoclinic tangen- 
cies C-'^-robust, see |11[5]. We remark that recently some authors have introduced 
blenders whose center unstable direction is indecomposable and has dimension > 2, 
see [HH]. 

We study how blenders occur. As far as we know, their construction involves 
series of perturbations which are genuinely C^ , see for instance [H [5] . We present 
an explicit family of quadratic maps (which we call a center unstable Henon-like 
family) with blenders. A novelty here is that the blenders are obtained without 
perturbations and their occurrence only involves an appropriate selection of param- 
eters of the family. 

Theorem 1.1. Consider the center unstable Henon-like family 

(1.1) G^^f,^^,^rj{x,y,z)^ {£,x + y, n + y'^ + Kx'^ +r]xy, y), ^ > 1. 

There is an open set B of parameters (^, /^, k, 77) such that any diffeomorphism F 
C^ -close to G^.p.K^jj with (^,/i. K,r/) e B has a blender. 

One important feature of the family (|1.1[) is the existence of the term y in the 



X- 



component. This term gives us a superposition property (see Definition 2.1) of the 
hyperbolic set which enables us to obtain the blender, compare the family treated 
ini. 

Coexistence of critical and noncritical dynamics. Homoclinic tangencies and 
Henon-like dynamics are in the core of the so-called critical dynamics, while het- 
erodimensional cycles are genuine bifurcations of non- critical dynamics, for more 
details see Preface of [6]. There are many cases where the effects of the critical 
and the non-critical dynamics overlap: the system has a critical region and a non- 
critical one and there are transitions between these two regions. We study such 
kind of configuration in dimension three: diffeomorphisms having two saddles of 
different indices (dimension of the unstable direction) whose invariant manifolds 
are cyclically related by a heterodimensional cycle with non-transverse heteroclinic 
intersections. This configuration (depicted in Figure [Llj ) is called a non-transverse 
heterodimensional cycle: the two invariant manifolds of dimension one meet quasi- 
transversally and the two-dimensional ones have a tangential intersection. The 
dynamics close to the saddles and the quasi-transverse heteroclinic intersection 
provide the non-critical part of the dynamics, while the critical one is given by the 
heteroclinic tangency. 

The non-transverse cycle that we consider contains a heterodimensional tan- 
gency. In the C^ case, it is known that the unfolding of these tangencies leads to 
robustly non-dominated dynamics and in some cases to very intermingled dynam- 
ics related to universal dynamics introduced in [3], see [S] for detail. In the C^ 
case, the non-transverse cycles are not special in the following sense: there exists 
C^ open setw of n-dimensional {n > 2) diffeomorphisms having heterodimensional 
tangencies in a coindex-(n — 2) heterodimensional cycle, see [T^]. Note that the 
occurence of C^ Newhouse phenomenon and strange attractors were observed in 

Using Theorem |1.1| and the renormalization scheme that we will present below, 
we prove the existence of blenders near some of these non-transverse heterodimen- 
sional cycles under high regularity assumptions, see Corollary |1.3| Let us observe 
that by adjusting the parameters, we can obtain convergence of the renormalization 
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Figure 1.1. Non-transverse heterodimensional cycles 



to different types of Henon-like maps, see the comment after Theorem 1.2 
ihustrates the richness of the dynamics near these cycles. 



This 



Renormalization. Renormalization means providing a sequence of local coordi- 
nate changes near a tangency point and reparametrizations, which gives a sequence 
of return maps along heteroclinic orbits converging to a limit map with interesting 
dynamics. Using a renormalization scheme one can translate relevant properties of 
the limit maps to some diffeomorphisms close to the one with the tangency. 

Renormalization methods play an important role in the study of homoclinic bi- 
furcations (dynamics at homoclinic tangencies). This method leads to the approx- 
imation of the dynamics by quadratic families and allows to translate properties of 
such families (such as existence of strange attractors and sinks, or thick hyperbolic 
sets) to properties of the diffeomorphisms, see for instance [HI Chapter 3]. 

So far, renormalizations have not been sufficiently exploited in the context of 
heterodimensional bifurcations. We consider renormalization schemes for non- 
transverse heterodimensional cycles. Depending on the conditions satisfied by the 
diffeomorphism, this renormalization may converge to different types of dynamics. 
We wonder if this limit map may exhibit blenders. In general, it is not always the 
case. We prove that, under some (degenerate) conditions, the renormalization con- 
verges to the center unstable Henon-like families in Theorem |1.1[ see Theorem |1. 2 1 

We now state precise definitions and results. 

Definitions and statements of the results. Consider diffeomorphisms / defined 
on a closed three-dimensional manifold M having hyperbolic periodic points P and 
Q of saddle type with different indices (dimension of the unstable bundle and 
denoted by index(-)). We assume that / has a non-transverse heterodimensional 
cycle associated to the saddles P and Q (assume that index(P) = 2 > index(Q) = 
1). This means that 

VF"(P)nW^"(Q)7^0 and W%Q) nW"{P) ^ H), 

where the first intersection between one-dimensional manifolds is quasi-transverse, 
that is, there is X e W'^P) n ^"(Q) such that 

(1.2) dim{TxW'iP) + TxW^iQ)) = dini(£;^(P)) + dim(£;"(Q)), 

and the two-dimensional manifolds W'^{P) and W''{Q) have a non-transverse inter- 
section (a tangency) along the orbit of a point Y. This geometrical configuration is 
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depicted in Figure [Ll] (the tangency in (a) is elliptic and the one in (b) is hyperbolic, 
see [n]). 

Associated to the heterocHnic point X, there is a transition from a neighborhood 
Uq of Q to a neighborhood Up of P following the orbit of X. Similarly, associated 



to Y there is a transition from Up to Uq, see also Figure 3.1 We impose some 



conditions to these transitions in equation (3.3 1. 

Let per(P) and per(Q) be the periods of P and Q, respectively. Denote the 
eigenvalues of op^'^P^P) and DfP'''-^Q'>{Q) by A, C, o" and A, C, cr, respectively 
We assume that 

(1.3) |A|<l<|a|<|C|, |A|<|C|<1<H 

and 

log|A|-i 



(1.4) |aC|VC^ , \a-'C\'<y-' , |A<?|V 



x\k. 



< 1, where k = 

log Id 



As we mentioned, bifurcations of non-transverse heterodimensional cycles ex- 
hibit a rich variety of dynamics. Depending on the way of unfolding, one may 
reach different types of dynamics. In the following theorem, starting from a six- 
parameter family of diffeomorphisms (where the parameters describe the position 
of the continuations of the heteroclinic points above), we select a two-parameter 
sub-family converging to a Henon-like family: there is a renormalization scheme 
near the tangency providing a sequence of maps {Ffj_^tp,)^i^f,}, reparametrizations 
fik, and parameters Vk such that the family converges to a Henon-like family. 

Theorem 1.2. Consider f E Diff'^(M), dim(A/) = 3 and r > 2, with a non- 
transverse heterodimensional cycle associated with saddles P and Q with hetero- 
clinic orbits X (quasi-transverse point) and Y (tangency point). 
Assume that 

The local dynamics around P and Q are linearized as in fjS.l]), 



• the eigenvalues oj DP°'''P\P) and DP''''^^\Q) satisfy {TM and \L^, 

• the transitions between P and Q satisfy ^3. ^ , \3^ and [j'.7[ ). 

Then there is a six- parameter family {//j,iy}p,,yg[_c,ei3 C Diff'^(M) with foo = f, 
satisfying the following: for any real number ^ > 0, there are 

• a sequence of coordinate changes ^^ : K ^ M defined near the tangency 
point Y , where K is a compact neighborhood of the origin of M.^ that can 
be taken arbitrarily large, 

• reparametrizations ^k- I -^R^, where I is a compact neighborhood of in 
M. that can be taken arbitrarily large, 

• parameter values Vk &M.^, 

• a sequence of pairs of natural numbers {mk,nk)k, fnk,nk —>■ oo, and natural 
numbers Ni and N2 independent of k and ^, 

such that the map 

(1.5) i^M.(,),.JS) = (*.-'l*.(K)) ° Ct'^C"'^'"' ° *^W 

satisfies the following properties: 

(1) Suppose (yS, x) is contained in a (fixed) compact set o/KxM^, then the sequence 
{(^fc(/2), j/fc)} converges to (0,0) € M^ and the sequence {^^(x)} converges to 
the tangency point Y as k ^ +00. 
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(2) The sequence of maps {Ffj.k{p.),i^k} converges in the C topology to a one-parameter 
family conjugate to 

(1.6) 6*^(2;, y, z) = G^,^,Ki,„2(a;,y, z) = (^x + y, ^i + y'^ + kix^ + K.2xy , y), 

where Ki,K2 are constants depending only on f. 

An immediate consequence of this theorem and Theorem |1.1| is the fohowing: 

Corollary 1.3. Let f be a C" diffeomorphisms (r > 2) satisfying the hypotheses 
of Theorem \l.^ Then every C^ -neighborhood of f contains an open set of diffeo- 
morphisms having blenders. 



Let us give a comment to Theorem 1.2 The numbers {mk,nk) correspond to 



the consecutive times during which the points stay close to the saddles P and 
Q, respectively. The selection of these numbers determines convergence of the 
renormalization and the number ^. This choice may lead to ^ > 1 (center unstable 
Henon-like maps) or ^ < 1 (center stable Henon-like maps). This means that 
arbitrarily close to the original system there are both types of dynamics. 

Connecting one-dimensional invariant manifolds. We now show an applica- 
tion of the methods above. To exploit completely the consequence of our techniques 
is beyond the goal of this paper (it is a part of on-going research project). 

Theorem 1 1.2| asserts that arbitrarily C-close to certain types of diffeomorphisms 
/ having a non-transverse heterodimensional cycle, there exist diffeomorphisms g 
having center unstable blenders Ag near the point of tangency The renormaliza- 
tion gives us some local information, but does not provide information about the 
connections between Ag and the continuations Pg, Qg of P, Q (semi-global infor- 
mation). Since the dynamics is not dominated close to the tangency point, it is not 
easy to describe the relative positions of the invariant manifolds of the these sets. 

Under some additional hypotheses on the contracting multipliers of Q, the next 
theorem gives the creation of robust intersections between the "one-dimensional" 
invariant manifolds W^{Kg,g) and W"{QgTg). This intersection is in principle 
harder to obtain than the one between the "two-dimensional" invariant manifolds. 

Theorem 1.4. Let f be a diffeomorphism having a non-transverse heterodimen- 
sional cycle associated to saddles P and Q satisfying the hypothesis of Theorem \l.S\ 
Consider a real number a > satisfying a < °^ L — 1, where \X\ < \C,\ are the 



moduli of contracting eigenvalues of DfP°''^^'{Q) in (1.3). Then, for every r >2, 
arbitrarily C^+" close to f, there exists a C' diffeomorphism g having a center- 
unstable blender Ag such that W{^^{Ag,g) n W^{Qg,g) ^ holds C^ -robustly. 



Note that the C^-robustness in the conclusion of Theorem 1.4 implies the C 



robustness of the connection for all r > 1. The number a in the theorem is in 



(0, 1/2), see Lemma 3.1 in Section 3.3 



In the C^-topology, the connecting lemma of Hayashi [TU] and the constructions 
in [3] tell us that there are diffeomorphisms arbitrarily C^-close to / with robust 
cycles. We wonder if this is possible to obtain such connections for systems Cy- 
clase to / for r > 1. We use a detailed estimate on the hyperbolic behavior of 
the limit map obtained in the renormalization process to get robust intersections 
for C^"'""-approximations. As a is in (0,1/2), we do not obtain, for example, a 
C^-result. 
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The above result gives a connection from Qg to Kg. However, in general it is also 
difficult to get non-empty intersections between W^{QgTg) and W'^{h.g,g). This 
difficulty is due to the fact that the transition map from P to Q does not preserves 
the "central direction" . Thus, the question still remains whether or not a C""-robust 
heterodimensional cycle can be created from a bifurcation of the heterodimensional 
tangency. 

To get such intersections one can consider two possible directions. The first one 
is to get a renormalization scheme providing further geometrical information of the 
cycles. This strategy is well exploited in the renormalizations in [T71 [T5], where 
the dynamics is normally hyperbolic (which is not our case). Another direction 
is to consider heterodimensional tangencies as in j8] associated to robustly non- 
hyperbolic transitive sets. These sets have rich structures that may help to find 
such intersections. 

Organization of the paper. In Section[2]we introduce the definition of a blender, 
state a result guaranteeing its existence, and prove Theorem |1.1| about the occur- 
rence of blenders for some Henon-like families. In Section [3] we describe the class 
of non-transverse heterodimensional cycles we consider. This description involves 
properties of the transitions between the saddles in the cycle following the non- 
transverse heteroclinic orbits and the local dynamics near the saddles. The six- 
parameter family of diffeomorphisms in Theorem |1.2| is presented in Section [4] In 
Section [5] we introduce the renormalization scheme and prove Theorem |1.2| Fi- 
nally, in Section^ Theorem 1.4 is shown by previous theorems and a certain C^"*"" 



perturbation which is performed locally near the local unstable manifold of the 
continuation of Q. 

2. Blenders for center unstable Henon-like maps 

In this section, we consider diffeomorphisms which are C-near the center un- 
stable Henon-like endomorphism 

(2.1) G^,„,^(x, y, z) ^ {y,fj. + y^ + KZ^,S,z + y). 



This map is conjugate to the Henon family in (1.1) when rj — Qhy the coordinate 
change 

(2.2) e:(a;,j/,z)i — > {z,y,x). 

We will prove the existence of blenders for diffeomorphisms close to G^.^,^ where 
the parameters are in some specific ranges (see Theorem |1.1| . 

2.1. Conditions for the existence of blenders. Before going to the proof of 
the theorem, let us recall the definition of a blender and sufficient conditions for the 
existence of blenders in [5", §1]. First, we give an axiomatic definition of a blender. 

Definition 2.1 (Blender, Definition 3.1 in [5]). Let /: M — )■ M be a diffeomor- 
phism. A transitive hyperbolic compact set A of / with index /c, fc > 2, is a 
cu-blender if there are a C^-neighborhood U oi f and a C^-open set V of embed- 
dings of (fc — l)-dimensional disks D into M such that for every g &U and every 
disk D £ V the local stable manifold W{^^{Ag) of Ag (the continuation of A for g) 
intersects D. The set V is called the superposition set of the blender. 
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We now give some preliminary definitions that we borrow from [2]. Let A — 
Ir^ y. ly y. I^ be a cube in M.^ where I^ = [x~,x+], ly — [y^,?;^] and I^ — [z^,z+] 
are intervals. Divide the boundary of A into three parts as follows: 

a^^A := dl^ xlyxl^, a""A := 4 x dly x 4, a"A := l^ x d{Iy x /^). 

Note that ^""A C ^"A. For 6* > 1 let Q, Q", and C| be cone fields defined as 
follows: for p £ A, put 

Ceip) = {{u,v,w) e TpA I e\u\ ^ ^v^+w^^ , 
(2.3) Cr{p)^{iu,v,w)eTpA I Vw^ + u;2 <c |«||, 

Clip) = i^{u,v,w)eTpA I 6lVz;2+w2 ^ |y| j ^ 

Note that Crb) C C^{p). 
Then we define as follows: 

• A regular curve L C A is vertical if TpL C Cg"(p) for every point p in L, 
and the end-points of L are contained in different connected components of 
9" "A. 

• A surface S" C A is called a vertical strip in A if TpS d Cg{p) for every 
p in 5 and there exists a C^ embedding E : ly x J -^ A (where J is a 
subinterval of Iz) such that L{z) := E{Iy x {z}) is a vertical curve for every 
z € J. The width of S, denoted by w{S), is the infimum of the length 
of the curves in 5* which are transverse to C™ joining the two boundary 
components of L{dJ). 

Let W he a, curve in A tangent to the cone field C whose endpoints are con- 
tained in different connected components of d'^'^A. Note that there are two different 
homotopy classes of vertical segments through A disjoint from W. 

• A vertical curve i in A with L OW — 9 is to the right of W if it is in the 
homotopy class of {x^} x ly x {z^} for some Xq € Ix- Similarly, a vertical 
strip S through A is to the right of W if any vertical curve in S is to the 
right of W. 

For a three dimensional diffeomorphism F, the next geometric conditions (Hl)- 
(H5) guarantee the existence of a blender in A, see |H §1]: 

(HI) There is a connected component A of A n F{A) disjoint from ^'^''A U F{d^A). 
(H2) There is a connected component B of F{A) n A such that B is disjoint from 

I^x lyX {z+}, from d'^A and from i^(a""A). 
(H3) There are 61 > 1 and ^ e N such that the cone fields Q, Q", and C^ satisfy 
the following conditions: There is c > 1 such that 
(i) For every p G F~^{AUB) such that F' (p) G A for every i = 0,. .. ,£-1 
and every v e C^{p) \ {0}, iDF%^r belongs to the interior of C^{F'{p)) 
and \{DF'^)pv\ > c|v|. 
(ii) For every p e F''^{A U B) and every v e C^"(p) \ {0}, w := {DF)pV 

belongs to the interior of C™(F(p)). 
(iii) For every p £ A\JB and every v e Cl{p) \ {0}, w := {DF^^)pV belongs 
to the interior of C|(F^^(p)) and |w| ^ c|v|. 

Note that conditions (HI) and (H3) imply that F has a (unique) hyperbolic fixed 
point P* in A with index one. Let Wq be the connected component of 14^''(P*) n A 
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containing P* . Observe that the curve Wq is tangent to the cone field Cg . So we 
can speak of vertical curves and strips being to the left or to the right of Wq. 
(H4) There is a neighborhood [/" of the left side {z = z~} of A so that every 

vertical strip 5" through A to the right of W^ does not intersect U~ . 
(H5) There exist neighborhoods U of Wq and C/+ of the right side {z = z+} of 
A such that for every vertical strip S through A to the right of Wq one of 
the two following possibilities holds: 
(i) The intersection F{S) OA contains a vertical strip E through A to the 

right of Wq and disjoint from f/"*"; 
(ii) F{S) n B contains a vertical strip S through A to the right of Wq and 
disjoint from U. 
Note that the presentation of (H3) is slightly different from the one in [5]. In our 
(H5), each non-zero vector of C™ is expanded only after i iterations. However, by 
some standard argument, one can check that the conditions (H1)-(H5) above are 
also sufficient to guarantee the occurrence of the blender. Indeed, these conditions 
imply that the width of vertical strips in A grows exponentially after iterations by 
F^. This implies that the stable manifold PF*(P*) of P* intersects transversally 
every vertical strip 5' through A to the right of Wq, see [5J Lemma 1.8]. In par- 
ticular, for A = fliez-^*!^) ^^ have W{^^{A) (1 S ^ 0. Thus A is a blender whose 
superposition set is formed by the vertical segments through A to the right of Wq . 



2.2. Proof of Theorem 1.1, We consider the open set of parameters O and the 
cube A in M.^ defined as follows: 

O^ {ifi,K,^) I -10<M< -9, 0< K< lO"'^, 1.18 <C< 1.19}, 
^^■^^ A = {(x, y, z) I |a;|, \y\ < 4, -40 < z s^ 0} . 

The boundary dA of A is divided into two parts 9" A := [-4, 4] x 9([-4, 4] x [-40, 0]) 
and S^^A := A n {x = ±4}. Moreover, consider the subset 5""A := A n {j/ = ±4} 
of (9"A. The goal of this section is to prove the following proposition. 

Proposition 2.2. There is e > such that every diffeomorphism F sujjiciently 



close to Gfj,^K,^,ri (see (1.1) for the definition of Gfj,^K,,(,,Ti) where (/i, k,^, 77) e O x 
(— e,e) has a blender. 

This proposition immediately implies Theorem |1.1[ It follows from the next 
three lemmas and the sufficient conditions for blenders in Section |2.1[ So, let us 
start the proof of the proposition above. 

Lemma 2.3. // a three-dimensional diffeomorphism F is sufficiently C^ -close to 
G^.K.^ with (fi,K,^) e O, then there are compact subsets A and B of A satisfying 
(HI) and (H2) for F. 

Proof. First, we investigate these properties for G^,/^,^ with (/x, k,^) G O. 

Let n^ : M^ — >• M^ and 11^; : M^ — )• M^ be the projections Wzix^y, z) = (x,y) and 
na;(a;, ?;,z) = (y, 2). We first observe the relation between n2(A) and G^,k,{(A). 
For z e [-40,0], write 

D,_ = [-4,4]2 X {z}, d'^'^D, = [-4,4] x {-4,4} x {z}. 

Note that, G^ k,{ is an endomorphism such that I?Gp .^.^ has a zero eigenvalue 
whose eigenspace is the a;-axis. Thus, for every z G [—40, 0], from \2.1\ we have 
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Consider the sets 

D+ := D^n{y> 0}, and D- := D^n{y < 0}. 

Since —10 < /i < —9 and < kz^ < 0.16, by direct calculations, one can obtain 
the following conditions, see Figure 2.1 (a): 

• Ilz{G^^K..^{Df)) nllz(A) contains a segment J+ transverse in the a;y-plane 
to n^(a™A) and such that /+ C {(x,j/) | 2.4 < x < 3.8}. 

• IIz{Gf^^K,^iD^)) n ttz{^) contains a segment I^ transverse in the xy-plane 
to n^(9™A) and such that /" C {{x,y) \ - 3.8 < a; < -2.4}. 

• We have n^(G^,„,5(9""D^)) = {(±4,^ + 16 + nz^)}. By the conditions on 
the constants, its j/-coordinate fj, + 16 + nz^ is greater than 4. That is, the 
projection nj,(G^_K.?(c?""-Dz)) is outside Wz{^)- 



n,(G,U,^(A- 
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(a) 

Figure 2.1. Projected images of A and G^.„.5(A) 

Consider the sets 

A+ := An{j/ > 0}, A" := Anjy < 0}, and ^qA := A n {z = 0}. 

The following properties of n3.(A) and nj.(Gp^K,{(A)) can be checked by direct 
calculations, see Figure [2J^ (b). 

• n^(G^,„,4(A+)) contains n^(A) = {(z,y) | - 40 s^ z s^ 0, |j/K 4} in its 
interior. 

• n^(G^,«,^(A-)) n Iix{^) contains the set n:j;(A) n {-40 < z < -4}, and 

• n,(G^|„|4(A±))nn,(aoA) = 0. 

Note that 

A±= U ^t 

ze[-40,o] 

Consider now the sets given by 

A = G^,,,5(A+)nA and B = G^,«,e(A") ^ A. 

By the comments above, 

nz{A)= U /+ and n,(B)= (J /,-, 
ze[-40,o] ze[-40,o] 

and n2.(yl) — n2;(A) and Iij.{B) n nj.(9oA) — 0. Moreover, from the above obser- 
vations, we have 
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• An d^'A = and A n G^,^.5(a"A) = 0; 

• Bn d'^A = 0, B n ^oA = 0, and B n G^,«,^(a""i:'^) = 0. 

This implies that A and B satisfy (HI) and (H2). 

Clearly, any difFeomorphism F sufficiently C^ close to G^^^.^^ also satisfies these 
properties. D 

Lemma 2.4. For any diffeomorphism F sufficiently C^-close to Gf^^K.^, (a*, ^,,0 ^ 
O, the cone fields C2 , C2" and C| satisfy (H3) for A, B as in Lemma\2~ 



Proof. First, note that for p — {x,y,z) E A with Gf^^K,^{p) E AU B and v ~ 
{u, V, w) G TpA, we have 

(2.5) (ui,vi,wi) := {DGf,,,,^^)pV = {v, 2yv + 2kzw, v + ^w). 

For the proof of (H3)-(i) and (ii), we just investigate the property of Gp.K,^ with 
(/i, K,^) € O, which implies that the same conditions hold for F near G^^^,^- 
Proof of (H3)-(i). Consider the cone 

C"(p) ■.^Q{p) = i^{u,v,w)eTpR^ I 2\u\ s^ Vv^^Y 

We consider the norm 



\{u,v,w)\^, :— max-^ |m|, yu^ + w^ I 



We will see that |(£'G^,„^^)pv|* > |v|h, for every v € C""(p) \ {0}. By compactness 
this implies that |(£'G^_K,c)pv|* > co|v|* for some uniform cq > 1. Since | • |* is 
equivalent to | • |, this imphes that there are £ and c > such that \{DGJ^ ^ f )pv| > 
c|v|. We now go to the details of the proof. 



First, note that from the proof of Lemma 2.3 the condition G^_„_^(p) E AU B 
implies \y\ > 2.4. (remember that the x-coordinate of Gfi^K,^{p) is equal to the 
2/-coordinate of p). 

We divide the proof into two cases: 6.5|i;| > \w\ and 6.5|w| < \w\. In the case of 



6.5|w| ^ |fi;|, by this inequality and the choice of parameters in (2.4), we have 

\vi\ ^ \2yv + 2kzw\ > 2|y||w| - 2|k||z||w| > 4:.8\v\ - 0.052|i;| > 4.7|i;|. 
Thus, 



(2.6) ^vl + wj>\vi\^ A.7\v\ = 4.7|ui|. 

Therefore, {ui,Vi,Wi) € C"(G^,«,,5(p)). 

To get the uniform expansion of the vectors, note that 

wl = {v + (w)^ ^V^ - 2S,\v\\w\ + ^2^,2 ^ (1 _ 13^)^;2 _^_ ^2^2^ 



thus, together with (2.6), one obtains 

|(£'G^,^,5)pv|2 ^vl+wl^ (22 - 130t'^ + ^"^w^ > 4^2 + l.lS^u;^ > |v|' 
Next, we consider the case of 6.5|w| < \w\. Since 

kil = \v + ^w\ ^^\w\-\v\ ^6.5C|z;|- \v\ > 5\v\, 
one has 

+ wl^ \wi\ > 5\v\ = 5|mi|. 
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This implies {ui,vi,wi) G C"(G^,K,5b))- Moreover, by ([2^, ([2^5]) and 2.4 < \y\ < 
3.8, 

vl == {2yv + 2Kzwf > Ay^v^ - ^\yvKzw\ + 4k^z2u;2 > 23w^ - 0.02^;^, 

Therefore, 

|(7^G^,„,4)pv|2 = «2 + u;2 > 24t;2 + 1.006u;2 > |v|2. 

This completes the proof of (H3)-(i). 

Proof of (H3)-(ii). For p G A with G^,k.5(p) e A\J B, take a cone 



This implies that |w| < \v\/2 for any {u,v,w) G C'"'(p). Recalling (2.5) and 2.4 < 
|j/|, we have 

\vi\ = |22/'y + 2kzw\ ^ 2|2/||z)| - 2|k||z||u;| > 4.7|w|. 
On the other hand, 

uj+wj^v^ + {v + ^wf s^ 2v^ + 2^klkl + fw^ < 2v^ + l-19i;^ + 0.63w^ < 4u^ 
Hence, 

2^ul+wl <4|u| < |ui|. 

Thus (i:iG^,„,5)pV G C""(G^,„,^(p)), which completes the proof of (H3)-(ii). 

Proof of (H3)-(iii). The existence of a contracting and invariant strong stable 
cone field follows from the fact that DG^^^^ is an endomorphism whose eigenspace 
associated the eigenvalue is spanned by (1,0,0). This implies that for every 
diffeomorphism F sufficiently close to G^_k,j with (^, k, ^) G O, the cone field C|(p) 
with pe A\JB satisfies (H3)-(iii). D 

Lemma 2.5. Every diffeomorphism F sufficiently C^-close to G^,^.^, with (/i, k, ^) G 
O, satisfies conditions (H4) and (H5) for A, B as in Lemma\2.. 



Proof. Again, we mainly consider the properties for G^^^,^ with (/^, k, ^) G O. The 

conclusion for F near G^.^.^ follows almost immediately. 

Proof of (H4). By construction, A contains unique saddle fixed point P* = 

(a;* , y* , z* ) which satisfies 

x^ — y^. = fi + y*^ + Kz^,^ = (1 — 0^*- 

Note that Wq = {(x, y*,z*) | |x| < 4} and that every point in Wq is mapped 
to P^, by G^^K_5 by G^.^.^- Therefore Wq is a local stable manifold of P*. Since 
2.4 < y^ < 3.8 and 1.18 < ^ < 1.19, one has the following estimation: 

(2.7) - 21.2 < z, =--^^ < -12.6. 

Note that the cones C""(p) are defined around the y-axis with slope 1/2. Thus a 
simple calculation gives that any vertical curve L, (i.e., a curve with TpL C C"^(p)), 
through A to the right Wq does not intersect a small neighborhood U^ of {z = 
— 40}nA. This implies that (H4) holds for G^^^ ,c and thus for every diffeomorphism 
F sufficiently G^-close to G^^^.^- 
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Proof of (H5). Consider the subsets of A defined by 

A' = {{x, y, z) I |x| < 4, 2.4 < 2/ s^ 3.8, -22 s^ z < -3.3} , 
B' = {{x, y, z) I \x\ < 4, -3.8 < y ^ -2.4, -7.3 s^ z < 0} . 



-22 



L\ -3.3 ^ 




Figure 2.2. Vertical segments Lyi', ^B' and their images 

We define the notion of vertical curves through A' (resp. B') in the natural 
way. That is, a curve a in A' (resp. B') is called vertical if it is tangent to C"" 
and connects A' f] {y = 3.8} and A' n {y = 2.4} (resp. B' n {y = -3.8} and 
i3'n{y--2.4}). 



Then, one can observe the following (see Figure 2.2): For every vertical curve L 
through A to the right of Wq , 

• either La' = i n v4' is a vertical curve through A' , 

• or Lb' = L D B' is a vertical curve through B' (note that both cases may 
hold simultaneously). 

In each case, we have the following: 

• In the first case, G^^K,i,{LA') contains a vertical curve through A which 
is to the right of Wq and disjoint from a small neighborhood [/+ of 9oA 
(remember that ^qA = A n {z = 0}); 

• In the second case, G^^k^^(Lb') contains a vertical curve through A which 
is to the right of Wq and disjoint from a small neighborhood U of W^. 

Therefore, (H5) holds for G^.^,^, and for any difi'eomorphism sufficiently C^-close 
to G^,«,5. D 



Remark 2.6. In the proof above, we can see that the image of the segment £ := 
{(0,i, 0) I \t\ < 4} under diffeomorphism F which is sufficiently close to Gp_K,{ 
contains a vertical segment which is to the right of W^ of the blender. Thus it has 
non-empty intersection with the stable manifold of the blender. This fact is used in 
Section\^ 



3. The non-transverse heterodimensional cycles 

In this section we describe the conditions satisfied by the diffeomorphism with 
non-transverse heterodimensional cycles in Theorem |1.2[ 
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3.1. Local dynamics at the saddle points. Let P and Q be saddle periodic 
points of / e Diff''(M) with dim(Af) — 3 and r ^ 2. In what foUows, we suppose 
that per(P) = per((5) = 1 for simplicity, that the points have indices index(P) = 2 
and index((5) = 1, and that the unstable manifold W'^{P) and the stable manifold 
WiQ) have a heterodimensional tangency, and the two invariant manifolds W^{Q) 
and W^{P) have a quasi-transverse intersection. We fix small coordinate neighbor- 
hoods Up and Uq of P and Q, respectively, and consider transitions between these 
neighborhoods along the cycle. 

For simplicity, we assume that f\up and f\uQ are C' linearized, i.e., 

^ ' M ,y, ; I {Xx,ayXz) iiix,y,z)eUQ 

where 

|A|<l<|a|<|C|, |A|<|C|<l<k|. 
This assumption is guaranteed by the conditions on the eigenvalues of Df{P) and 
of Df{Q), see [13 [2U]. In what follows we assume that A and C are both positive 
(in the negative case it is enough to consider a pair number of iterations). 

Caveat. In what follows, for simplicity we assume that all eigenvalues are positive. 
For the cases where some eigenvalues are negative, the proofs work almost similarly 
with slight modifications. 

3.2. Transitions along heteroclinic orbit. In this subsection we describe the 
transitions from Uq to Up and from Up to Uq along the heteroclinic orbits. 

We consider first the transition from Uq to Up along the quasi-transverse orbit 
X. In the linearizing coordinate in Uq, up to multiplication by some constant along 
the the j/-direction, we can take the quasi-transverse intersection between W"{Q) 
and W(P) with X = (0,1,0) G Uq. Similarly, there exists a positive integer Ni 



such that X = /^i {X) = (1, 0, 0) e Wil^{P), see Figure 3.1 




Figure 3.1. Non-transverse heterodimensional cycle and its transitions 

The transition of /^^ from a small neighborhood of X to that of X is expressed 
as 

1 + aix + a2y + a^z + Hi {x, y, z) 
fiix + 132V + Pzz + H2{x, y, z) 
71 a; + 722/ + 73^ + ^3(2;, y, z) 
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where each Hi is the higher order term satisfying the following conditions: for every 
ze {1,2,3}, 

H,{Q) = 0; {d/dx)H,{0) = {d/dy)H,{^) = {d/dz)H,{0) = 0. 

We assume that 

(3.3) /33 = 72 = 73 = 0. 
Note that since / is a diffeomorphism, 

(3.4) /?27i 7^ 0. 

Next, we consider the transition from Up to Uq along the orbit of heterodi- 
mensional tangency. Let Y € Up denote a point of tangency between W^^{P) 
and ^{Q). There is a positive integer N2 such that Y = f^^iY) is contained 
in W^^^{Q). By some linear coordinate changes in Up and in Uq, one may set 
Y = (0, 1, 1) e Up and f^'^iY) = (1,0, 1) e Uq respectively. Note that this coor- 
dinate change can be done independently of the previous one involving X and X' . 
Hereafter, these new coordinates are both denoted by {x,y,z). 

Since the tangency is nondegenerate, the transition of f^^ from a small neigh- 
borhood of Y to that of Y is expressed, by taking Taylor expansion, as 

(X \ / 1 + aix + a2y + a:}Z + Hi{x,y,z) 

1 + y \ ^^ \ hx + b2y^ + b3Z^+biyz + H2{x,y,z) 
1 + zJ \ 1 + cix + C2y + C3Z + H3{x,y,z) 

where every Hi is the higher order term with the following conditions: for each 
ze {1,2,3}, 

H,{0) = 0; id/dx)H,{0) = {d/dy)H,{0) = {d/dz)H,{0) = 0. 

We assume that 

(3.6) {dydy^)H2{0) = {dydz^)H2{0) = [d^ /dydz)H2{<a) = 0, C3 = 0. 
Furthermore, we assume that 

(3.7) 62^3 ^ 0, 7ia3 > 0. 



3.3. On the range of eigenvalues. Theorem |1 . 2| assumes some conditions on the 
eigenvalues. In this section, we discuss the non-emptiness of the set of the numbers 
which satisfy these conditions. 

We are interested in the existence of 6-ple of numbers 

0<A<1<(T<C, 0<A<C<l<cr 

satisfying the following conditions: 



(3.8) 


< {dCfa^ < 1, 


(3.9) 


< {a-^C)''cr-^ < 1 


(3.10) 


< (Act)'=ct < 1, 


where k = ^. 

logC 
We prove the following: 





Lemma 3.1. • Let T-" C M^ denote the set of points (A,ct, C, A,C, cr) which 

satisfy the conditions above. Then, V is a non-empty open set o/E^. 
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On V, the value log A/ log (^ ranges over (1,3/2). 



Note that the second item implies that the range of a in Theorem 1.4 is (0, 1/2). 
Proof. The openness of V is clear. Thus we concentrate on the non-emptiness. 



There are three inequalities (3.8), (3.9 1 and (3.101. First, we restrict our attention 



to (|3.8|), (3.9 1 . Indeed, if we can prove the non-emptiness of numbers satisfying ( 3.8 ) 



and (^3.9L then, by taking sufficiently small A > 0, we can prove the non-emptiness 



of the parameter satisfying (3.10) 



The inequality (3.8) is equivalent to the following 

'log (7 



log a < log A 



logC 



1-2 



logC 
log A 



=:R. 



Similarly, by a direct calculation we see that (3.9) is equivalent to 
log (T > — log A I 1 



l0g(T 



logC 



L. 



Then, consider the two terms L and R. The non-emptiness of V is equivalent to 
the following two inequalities: 

(3.11) L<R and R> 0. 

Indeed, if ( 3.11| ) holds, then take a so that logcr > L and log cr < R hold (note that 
the variable a does not appear in L and R and the only restriction on u is u > 1, 
that is, logo- > 0). 
Put 



S -.^ 



logo- 



T := 



logC 



log C ' log A 

Note that the conditions I < a < ( and 1 > C > A implies that we have 

0<S,T <1. 
The inequalities L < R and R > are respectively equivalent to the following: 
r>-5+l and r> (1/2)(S' + 1) 



By Figure 3.2 below, we know that the set of (S, T) which satisfies these conditions 



IS non-empty. 



'••., 


T 






.---"■ 


1 

2/3 


,5F 






.--''' 


1/2 






S 


O 


1/ 


3 


1 


'•,_ 



Figure 3.2. The domain of {S,T) 
No w we prove the non-emptiness of V . First, fix some (S*, T) from the region of 



Figure 3.2 Then, take (tx, C) and (C, A) which correspond to the values of {S,T). 



Finally, take a and A. This gives us the desired 6-ple of numbers. 
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Finally, we see the range of j^^ = 1/T. By the figure above, the range of T is 
2/3 < T < 1. Thus the range of 1/T is (1, 3/2), which completes the proof. D 

4. The six-parameter family {/^,,y} 

In this section wc construct a six-parameter family {f^^u} C DifF'^(M), /i, i^ G 

This family is obtained by local perturba- 



1.2 



[— e, e] , with /o,o ~ f in Theorem 

tions near the quasi-transverse intersection X and the heterodimensional tangency 

Y . To define the local perturbations, we use a smooth bump function 

(4.1) B{x,y,z) = b{x)b{y)biz), 

where 6 is a C" function on M satisfying 

'b{x)^0 if2ps^|a;|; 

0<b{x)<l iip<\x\<2p; 
b{x)^l if|xKp, 

where p > is some small number. Let C/^ and Uy be 2p-neighborhoods of X — 
(1,0,0) and of y = (1,0, 1) which satisfy Uj^ C Up, P ^ Cl([/^) and Uy C Uq, 
Q ^ C\{Uy), where Cl( • ) means the closure of the corresponding set. 
The number p is taken so small such that 



f{Ux) n u 



X 



and f(Uy) n Uy 



hold. 

For p = {pi, p2, ps), V = (z/i, vi,v-i) e M'', let {i/^,!/} be a family of maps satisfy- 
ing the following: 

• if (1 + x,?;, 1 + z) e Uy, 

^^,1/(1 -f X, y, 1 + z) = (1 + 2;, J/, 1 + z) + B{x, y, z)ipi,p2,P3), 

• if {'^ + x,y,z) e U^, 

tf,^i,{l + x,y,z) = (1 + x,y,z) + B{x,y, z){iyi, 1^2, 1^3), 

• in the complement of U-^^ U Uy, t^^^i, is the identity. 

Then this family is in Diff'^(Af ) for small p,v ^ [— e, e]'^ where e > is some small 
number. 

We now define 

(4.2) /^.. = t^^, o /, 

which has the following properties. 

• Since P ^ Cl([/^) and Q ^ Cl(?7y), /^^i, has saddle periodic points P^^^ = 
P and Q^^u = Q. Moreover, near P and Q, f^^v has the same forms as in 
([STj. 

• For any (x, l + y,z) sufficiently near X = (0, 1, 0), 

(4.3) L^iCx, 1 + y, 2) = f^[x, l + y,z) + [v^, v^^v^), 



which has the same form as (3.2) when v — {S. The parameters v^ and 
V3 control the unfolding of the quasi-transverse intersection X. See Figure 
P}(a). 
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For any {x,y + l,z + 1) sufficiently near Y = (0, 1, 1), 



(4.4) 



fN2 



f'^l{x, 1 + y, 1 + z) = /^^^ (x, 1 + J/, 1 + z) + (Ml, M2, A^a), 



which has the same form as (3.5 1 when /i = 0. The parameter H2 controls 



the unfolding of the heterodimensional tangency at Y . See Figure 4.1 (b) 




(l + /^l,M2,l + M3) 

i 




Figure 4.1. (a) Quasi-transverse intersection (b) heterodimen- 
sional tangency 



5. Renormalizations: Proof of Theorem IL2 



The renormalization scheme involves maps of the form ff^l'^"^'^^^'^'^ where Ni 
and A'2 are (fixed) transition times, and n and m are the permanence times in Uq 
and Up, respectively. We pick up pair of sojourn times to get return map with 
neutral behavior. 

5.1. For selecting the sojourn times. We first prove an auxiliary result which 
enables us to get the "neutral dynamics" . For that we state an "irrationality con- 



dition" of real numbers (Claim 5.2). This condition is used to choose a convenient 



combination of product of the strong unstable eigenvalue ^ of P and the strong 



stable one A of Q in (3.1 1. With this condition we pick up a sequence of renormal- 



izations converging to a central unstable Henon-like family. 
We put 

Z:={(C,A) gM^ I q^;^<;l <^|_ 

Lemma 5.1. There is a residual subset TZ of Z such that for every (C, A) £ TZ the 
following holds: For any e > 0, Nq > and ^ > satisfying e/^ < 1, there exist 
integers m, n > Nq such that the following holds: 

7i03A"C" - ^ < £, \m-nk-k\<l, 



where 71 and a^, are the constants given in {3.2), (3.5) and (3.1), k — log A "'^/logC 
and k = log(7ia3^-i)/ logC 

To prove this lemma we need the following claim whose proof is postponed. 

Claim 5.2. There exists a residual subset TZ of Z such that for every ((^, A) G 7?. 
the following holds: 



({ 



CI ( -^ m log C + n. log A 



?n, n G N 



}) 
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Assuming this claim let us give a proof of the lemma above. 
Proof of Lemma\5.1\ Fix £ > 0, iVo > and ^ > 0. We take £o > such that 



1 < e/^. By the condition e/S, < 1, we have £o < 1- From Claim 5.2 and 



(3.7), for any Eq > 0, iVo > and ^ > 0, there are integers m,n > Nq such that 
log(7ia3^"^) +mlogC + nlogA 



(5.1) 



< £0- 



For such TO and n, we have |to — nfc — fc| < £o/ log C < 1- 



By taking the exponential of (5.1), we have 

Ce-^° <7ia3A"C'"<.ee^''- 



Then, by subtracting ^ from each side, we get 



7ia3A"C'" - ? 



< £. 



Proof of Claim 5.2 Let {rj}igN be a sequence which is dense in 
and j € N, let us consider Uij C Z defined as follows: 



D 
For every r^ 



U^,J := 



i (C, A) 3 m,n eN s.t. |mlogC + nlogA - r^l < l/j\ 



The sets Uij are clearly open in Z. for every positive integers i and j. We claim the 
density of Uij. Then TZ := Hi^Uij is the desired residual set (by Baire's category 
theorem). Consider the (open) set 



y,,,(TO,n) := [{X,Y) = (log C, log A) 



\mX + nY 



<yj}- 



Observe that, in Xy-plane, Vi_j{m,n) is an open strip containing the (open) seg- 
ment {(ri — 1/ j)/n, {jTi + 1/ j) /n) on the K-axis, going downward right in the fourth 
quadrant (0, +00) x (—00, 0) with slope —m/n. Then, by the density of rational 
numbers {m/n ; m,n Cz Z>o} and taking n large, we get 

CI [ IJ y,j(TO,n) J = (0,+oo) X (-00,0). 

\?n,n>0 / 

Then the puUback of Um^nVi,j{m,n) to Z under the map {x,y) 1— > (log |a;|, log |y|) 
coincides with Ui_j, which shows the density of Ui^j. D 

5.2. Renorma lizat i ons near tangencies. Before going our construction recall 
the conditions (1.3|-(1.4| and (3.2)-(3.7). In what follows we assume that (A, C) 



belongs to the residual subset TZ of Lemma 5.1 



Our renormalization scheme consists of a sequence of coordinate changes ^m,„, 
reparametrizations of //,„_„ and parameters i'm,n depending on given integers m,n > 
0, which satisfy the following conditions. 

• The coordinate change '^m.n ■ K — ^ Uq, (where ii' is a compact neighbor- 
hood of the origin) (x, y, z) — ^m,Ti(S, y, z) is defined by 

(5.2) *,„,„(x, y, z) := (cj-'^a-^x + 1, a-2n^-2m - ^ ^-n ^ ^-"^-"'2 + 1). 

Note that "^rn.niK) converges to the point of heterodimensional tangency 
Y — (1,0, 1) G Uq as m,n -^ cx). This means that for any K ii m,n are 
sufficiently large, we can define ^m,n- 

• The reparametrization /i,„,„ : / — ;> M'^, fj, — ^.m.n{fi), is defined by 

(5.3) ^lraAP) := (-A™ai, a-^"^-^"^ + cj-" - A"6i, -A"ci), 



Mm,n(Aij := (-A fli, cr a /i + 

which converges to as m, n — > 00 where / is a (fixed) closed interval. 
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• The sequence of parameter values {vm^n} is given as 

(5.4) i^m^r. := (-A"ai - C"«3, a"" - A"/3i, C™ " A"7i), 
which converges to as m, n — )■ oo. 

Using the renormahzation (^m,n, Mm,"; '^m.n), the return map by iterations of 
ff^^i, near the hcterodimensional tangency Y is defined by 

(5.5) F™,„(5;, y, z) := (*,-„!„ I *„,„(K)) ° CZT-^)!'^IV ° *'"■"(*' ^' ^")' 



where iVi and N2 are the constants in (3.2) and (3.51, which are independent of 
m, n. Note that the domain of Fm,n is K and i^ can be chosen arbitrarily large by 
letting ?Ti, n large. 

5.3. Proof of Theorem 1.2 In this subsection, we prove Theore m |1.2[ For that 
we fix ^ > and select a sequence {mk,nk) C N^ such that 7ia3A"'=C""° converges 
to S, (recall Lemma 5.1 1. Then for those {Fmk,nk} we get the convergence to the 
center unstable Henon-like family. 



Proof of (1). The claim is obtained immediately from (5.2)-(5.4) under the condi- 
tions for eigenvalues in (1.3 1. 



Proo f of (2 ). Th e proof is done by calculating en tries in the formula (5.5 1 using 
(O), (O, (E2l)-(E7l and (A,C) G 7^ of Lemma 



5.1 



In the proof, we omit the 

subscript k for simplicity. Thus, for example, we write F^.n in the sense oi F^^nk- 

Let us provide step-by-step calculations to ob tain entries in the formula of return 

map F,n.n- By the coordinate change ^„i_„ of (5.2), each {x,y,z) E M"^ is mapped 

to 

Xo :== (cr-"CT-™S + 1, CT-2«~-2m- ^ ^-n^ fj-^ff-^z + 1). 

Note that if (x,y,z) is contained in a compact domain and m,n are sufficiently 
large, Xq is close to the hcterodimensional tangency Y = (1, 0, 1). 

First, after n iterations of /^^ „(p,),i^m n ' ^^ other words, the linear transformation 
{fi),i,,„„i^o) = {xn,yn + 1, Zn) where 

— n ~—2m- 



(3.1 ), Xq moves to /" 



(Xn,yn + i-,Zn) ^ [A cr a x + A , a a 2/ + 1, (cr a z + (^ ). 

We write x„ = (x„, y^, Zn). These entries can be described by Landau notation as 

(5.6) x„ = 0(A"), y„ - 0(a-"a-2™), z„ = 0(C"). 

Note that this also implies that the point (a:„, j/„ -f 1, z„) converges to (0, 1, 0) when 
n tends to -l-oo. This guarantees that the points in ^„i_„(A) stay in Uq and then 
leave it by the transition map. 



Thus, we apply the transition / 



JVi 



,(A'),!^t, 



defined by (4.3 ) (where the parameter 



l^m,nifJ-) is not yet involved). Recalling the choice of ly in (5.4) and the conditions 
/^a = 72 = 73 = in (3.3) we get the following formula in the local coordinate of 
Up, 



f. 



Ni+7l 



i(M).''n 



(xo) 



[1 + A"CT~"a- 



aix 



^-n~-2m^^-_ 



'/3i5 



(7 a 



C'V-V-"a3Z-fi/i(x„), 

(32y + H2{in), r" + A'V-"a-™7ii + #3(in)). 



Note that from (3.2), for each i = 1,2,3, Hi starts from a quadratic term. Since 
< A < C, the dominant terms in Hi are 2/„ = 0(cr^"(7^^™) and z„ = 0(C") in 
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(5.6). In fact, 



(5.7) 



i7,(x„) = 0{a-'^d 



2n ~ — 4rn\ 



0(C 



2n\ 



By the next m iterations of the Hnear transformation by (3.1) in Up, we have 
/;rl'^^^"(^o) = (^™' 1 + 2/™,! + ^™) near Y = (0, 1, 1) where 

a;,„ = A" + A"A"V-"CT-™aiS + A"CT-"CT-2"Q,2y + A"V-"CT-"C"a3^ + A'"ffi(i„), 
1 + j/„ = 1 + A'V-"/3i5 + (T-"a-"/32y + <?™ff2(x„), 
1 + z„ = 1 + A'V-"a-"C"7iS + CM^n). 



Put Xm := {xm,ym,Zm)- From (1.4), (5.6) and (5.7), we have the following: 

(5.8) Xm = 0(A™), y„ = 0(a-2"a-3") + 0(a™C'"), ^™ - 0(a-"a-"). 

We can see that these three numbers converge to zero as ?7i,n — > +oo. Indeed, the 
convergence of Xm and Zm are easy. The convergence of ym comes from the first 



condition of the eigenvalue condition (1.4), This means that after ?7i-times iteration, 



the point leaves Up by the transition map. 

By the transition / ^ ,-s (which does not depend on i'rn,n), we have in the 

local coordinate {x,y,z) = f ^"""Tlt ^"'""(xq) in Uq, where 

x =i + (A A (T a a\Oi.\ + A cr a2P\ ^ /^ o o (, 0371)0; 
+ (A"a-"a-2m^^^^ _^ f7-"CT-"a2/32)iJ + A™a-"a-"C"aia3^ 
+ A"ai7^i(x„) + a"a2i^2(in) + ra^Hz{%^) + -ffi(x,„), 



+ A"A'"a-"CT-"6iaix + A'"fT-"CT-=^™&ia2y + A™CT-"a-'"C"6ia3^ 
+ (A cr Pj02 + A CT (T (, 7j03 + A (T cr 4 Px"^\0^)x 
+ o--2"a-2m^2^^-2 _^ (2A"cr-2»a-'"/3i/3262 + A"a-2"a-^"C™/327i64)Sy 
+ A"feiiJi(ic„) + (2A"(T-"a'"/3i62X + A"a-"C™7i64S + 2a-"/3262y)-ff2(in) 
+ (A"a-"r/3i64X + 2A"a-"a-™C'"7i63S + a-"a-"r/3264y)i^3(i„) 

+ a^^^b^minf + a™64C^2(i„)i^3(in) + C'™^^3i^3(i„)' + H^i^m) , 



z^l + (A'^A^a-^a-^ciai + A"a-"c2;9i)x 

+ (A'"cr-"CT-2™cia2 + ^""^-"02/32)^ + A"a-"CT-™C"cia3Z 

+ A"ciiJi(i„) + y^C2H2{S^n) + i/3(x™). 



(xi, 2/1,2:1) defined by (5.5) satisfies 



Finally, using the inverse of (5.2), we get that the return map F„i^nix,y, z) 



xi = (A"A"aiai + A"a"a2A + A"C"a37i)S + (A^a^^aiaa + a2/32)y 
(5.9) + A™C"aia3Z + A"(T"a™aii/i(i„) + a"" d^"' a2H2{^n) 

+ a"a"ra3i/3(i„) + CT"a™iJi(x„0, 
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(5.10) 



(5.11) 



+ (A2"a2™/3262 + A2"C""7?&3 + A2"a™C™/3i7i64)x2 + /^fbay' 

+ (2A"a"/3i/3262 + \''r/32libi)xy + A"a2"a2™&iiJi(X„) 

+ {2\"a"a^"'f3ib2X + A"a"a2™C"7i^4S + 2a''a^"'(32b2y)H2{in) 

+ (2A"a"a"C""7ife3S + A"a"^2™C"/3i&4S + fT"CT'"C'"/5264y)i^3(i«) 

+ a2"a4'"fe2i^2(x«)' + a2"a3™C"64^2(xn)i^3(in) 

+ a2"a2'"C'™&3i^3(in)' + a2"a2™iJ2(x„), 

zi = (A"A™ciai + A"a™C2/3i)S + (A™a-"'cia2 + 02/^2)^ + A^Cciagz 
+ A™a"a™cii/i(i„) + (T"a2"c2i/2(i„) + a"a"i/3(x„0. 



Now, we check the convergence of (5.9)-(5.11) as m,n tend to mfinity. First, we 



estimate the higher order terms containing Hi and Hi. 

• Higher order terms containing Hi, H2, H3. The coordinate xi in (5.9) has 



three higher order terms containing Hi,H2 and H3 whose (?ti, n)-dependent coeffi- 
cients are respectively 



A a a , (7 (7 , a a (^ 



By condition (1.3 1, we have 

(5.12) < A"V"CT",a"CT2™ < o-"a"C"- 

As noted above, every Hi has order at leas t tw o. Thus, it is enough to check the 
convergence to of cr"a-'"C'"-ffi(xn)- From (5.7), 

(5.13) a"a"C™-ff»(x„) = ©(^"a^CC^") + 0(cr-"a-3™C")- 
Since |m — nfc — fc| < 1 by Lemma 5.1 we have 



a a C, (, < o(cr(T (, 4 



where C, C" > are constants independent of m and n. Conditions (1.4) imphes 



that the expression in (5.13) converges to as tti, n — >■ -|-cx). 



Moreover, using (1.3 1 and (5.7|, one can easily check that the rth order deriva- 



tives of iT"'cr'"C"'-f^i(xn) also Converge to as m, n — > +00. Thus, these higher order 
terms also converge to as m, n — ^ -t-00 in the C" topology on compact domains. 



We now evaluate the expression of yi in (5.10), which has higher order terms 
containing Hi, H2, H3, H2, H2H3, H^. Thus, let us see the convergences of terms 
containing Hi, H2 and H^. It is enough to study the following (m, n)-dependent 
terms 

\m2n~2mij \ n .^n x.-iTH rj .^n ~2m fj \ n ii ~ra /^2ni tt 
AGO rli, AGO tli, G G tli, A G G i. Hi. 

Note that the estimate of G^^G^"^Hi was already done, see (5.12). Moreover, since 
A"cr"o-™^^™ = (A"C'")ct"(7'"C™ and A"(^™ converges to a constant by Le mma 



the convergence of A"cr"a™C^'"ifi follows from the discussion above, see (5.13). So 
we have only to check the convergence of A'"CT^"a''^™i/i(x„) and A"CT"a'^™i/2(x„). 



5.1 



By (5.7), 



^"'G^^a^'^Hiix,,) = 0(A'"^-2™) + 0(A"V2"ct2"C^"), 

A"o-"CT3"i/2(in) = 0{X"G-''a-"') + 0(A"cr"CT3'"C^")- 
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5.1 



and (1.4), 



By a similar discussion as above, using \m — nk — k\ < 1 of Lemma 
these terms also converge to as to, n — > +oo. 

Moreover, same as in the case of xi, one can check the convergence of rth order 
derivatives of A™cr^"CT^™fl^i(x„) and A"o-"tT^™i/2(x„). Hence, these higher order 
terms converge to as tti, n — >■ +oo in the C"" topology. 

It remains to check the convergence of (to,, n)-dependent t erms involving Hi and 
H2 in the expression of zi. These estimations follow from (5.12). Thus, we finish 



checking the convergence for higher order terms containing Hi, H2 and H3. 

• Higher order terms containing Hi, H2, H3. We start by evaluating the expres- 



sions of xi and zi. From (3.5), Hi and H3 start from degree two terms. Hence, 
the orders of Hi and H3 are dominated by those of a;^, y^, z^, Xmy-m, y-mZm, ZmXm, 



which can be evaluated directly from (5.8). In this way, one can check the terms 
containing Hi and H-^ in the expressions of Xi and zi in (5.9) and (5.11) as follows: 
for i = 1, 3, 



This converges to under the conditions (1.3)-(1.4) as m,n^ cx). Moreover, this 



and (5.8) imply that the rth order derivatives of a^^a™'Hi{x„i) also converge to 
as 771, n — > +00. 

Next, we evaluate the expressions of yi which only contains terms H2. From 
(3.5), H2{x.m) starts from the terms of x'^,Xmym and ZmXm- From (5.8) with 



(1.4), we only have to check the order of terms for Xmym and z^Xm- Note that 

+ 0(A"'cr2"CT3™^2«^ 



from (5.8) 



^^"a^^x^y^ 



OiX^a-^ 



U U ZirnXr, 



0(A"V"ct"), 

00. This implies that 
^'2n~2m,jj^ and its rth order derivatives tend to as m,n — > +00. 

• Conclusion. Recall that A"C™ converges to (7103)"^^. Hence, due to the above 



both of which converge to under (1.3)-(1.4) as m,n 



evaluations, ( |5.9[ )-(5.11) converge to the following 

(5.14) (x, y, z) I — > (Cx + a2/32y, M + hi^a^^fx^ + (3%y'^ + ^a^'^(32b4:Xy, ca/^ay) 

in the C topology on compact domains. 



Finally, to improve the appearance of (5.14), consider the next coordinate change 

(5.15) 8 : {x,y,z,p) 1 — > {P2a2^h2X, Plb2y, P2C2^b2Z, Iilh2ji) -■ {x,y,z,il). 



By <d, (5.14) is conjugate to 
(5.16) 



{x,y,z)\ — >{(,x + y, jl + y + kix + K2xy, y) 



where (remembering the condition (3.7)) 
(5.17) 



Kl = (Ca2a3 ^Yb.2 ^&3, K2 = ?a2(a3&2) ^^4 



This ends the proof of Theorem 1.2 (3) 



D 



6. Robust connections between saddles of different indices 



In this section, we prove Theorem |1.4[ that is, we give the perturbation to obtain 
the connection between the blender and the saddle Q. 
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6.1. Further perturbation. Let {/^,i/} = {ffj.k(fi),i^k} be the family in Theorem 



1.2 We consider another additional n-dependent perturbation {gn} = {g-nk} of 



{//J, I/} in a small neighborhood oi X = (0, 1, 0) in Uq to show Theorem 1.4 In the 
following, to simplify the notations, we again drop the subscript k of mk and n^. 
Let us consider a smooth bump function b satisfying the following: 

• b{t) = for |i| > 1/2. 

• b{t) = 1 for jij < 1/3. 

• < b{t) < 1. 

Then, given n > 0, consider the functions B, Bn :M.'^ ^ M. defined as follows: 

• B{x,y,z) := b{x)b{y)b{z) , 

. B,,{x,y,z) ■.= y^B{x/C\y/C,z/C), 

and an n-dependent neighborhood of X = (0, 1, 0) defined as follows: 

Ux.n = Ux = {{x, l + y,z)\ \x\, \y\, \z\ < C/2.} . 
Note that Ux converges to {X} as n —?' +c». We define 6'„ : Af — >■ Af as follows: 

• if {x,l + y,z) e Ux, 

9n{x, l + y,z) := {x, l + y,z) + (B„(a;, y, z), 0, 0); 

• otherwise, 0„ is the identity map. 
Finally, we define 

(6-1) 9n-=0nO ft,k(fL).Uk- 

For this perturbation, we prove the following: 

Lemma 6.1. Suppose A/C^^" < 1. Then the C^+" distance between g^^ and 
ffi.L' = ffj.k{fi).^k 9'^^^ ^° -^^™ '^^ ^ (hence n^) tends to +oo. 

Note that the condition A/C^+" < 1 is equivalent to a < ^ - 1. 

Proof. The convergence in the C^ topology is easy to see. To see the C^+" conver- 
gence, we only need to check the C^+" smallness of each partial derivative of Bn 
for large n. By the symmetry, we only confirm for {Bn)x (partial derivative of Bn 
with respect to a;) and omit the check for {Bn)y and {Bn)z- 
The partial derivative {Bn)x is given as follows: 

{Bn). = {BnUx^y,z) := (^)"^'( J) b[^) b[ln 

Then, since A/C < A/C^+" < 1, we can see the the C^ smallness of this function 
for large n. 

Let us confirm the smallness of a-H61der constant for large n. Given (xq, yo, Zq), 
(x, y, z) eM.^, we have 

{Bn)x{xo + x,yo + y, zq + z) - {Bn)x{xo,yQ, zq) 
\{x,y,z)\'^ 

X Y b' (^) b(^) b(^) - b' (f^) b(p) b(p) 



x'+v i(x/c,j//c,2/c)h 

In the last formula, (A/C^^")" converges to zero as ti — > +oo if (A/^^+") < 1, and 
the absolute value of the rest of the formula is bounded by the Holder constant 
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of b' {x)b{y)b{z) , which does not depend on n and {xo,yo,ZQ). This shows that the 
a-H61der constant of |(i3„)3;| converges to as n tends to +(X). D 

This perturbation may give some effect on points in the renormahzations. How- 
ever, we can prove the following: 

Lemma 6.2. The perturbation On does not give any effect on the first return map of 
the renormalization. More precisely, for every X S <i>„i_„(A), we have (gnY^X) = 
if^,,)HX) forie[0,N2 + m + Ni+n]. 

In particular, the blender of /^_i/ is not affected by the perturbation. Thus <?„ 
also has the same blender. 

Proof. Take X £ <I>m,ra(A). The only possibility where ((;„)'(X) may get some 
effect from the perturbation is that (g„)"(X) is contained in the support of the 
perturbation Ux- Thus, let us calculate the position of {gn)"{X). 
A point X E $,„.„(A) has the following form: 

(a a x + l,(T a y + <^ ,cr a z+lj, 

where the point (x, y, z) is chosen from some compact domain. Hence, the coordi- 
nate of (/p^y)"(X) is given as 

[A a a x + A , a a J/+t, (, o cr 2 + (, )■ 

We show that, if n is sufficiently large, then the z-coordinate of this point is 
greater than C"/2, which is the z-coordinate of the boundary of Ux- This implies 
that the point ((7„)"(X) is outside the support of the perturbation. 

To see this, we take the quotient of these two quantities: 

C"/2 _ 1 

C"o-"CT-™z + C" ~ 2(cr-"o-™z + 1)' 

If z is bounded, then by taking sufficiently large m and n, one can check that the 
last term lies in the interval (0, 1), which completes the proof. D 



6.2. Proof of Theorem 1.4, The perturbation above keeps Qg = Q intact. Mean- 
while, the local unstable manifold of Q is no longer a straight line in Uq. Indeed, 
^ioc('9) ^^^ ^ bumped sub-arc near X which contains the vertical part given as 

^ = ^™,„:={(A",l + a-"a-2™y,0) I |y|<4/3|62}, 

see Figure [O] Let us consider another segment 

^" = W:={$™,n(0,2;,0) I |2/|<4}, 

which is contained in the boundary of the box 

(6.2) A„,„ := $™,„(A), 



where $„ n '■— ^m n ° 9 ° ©, see (5.2), (5.15) and (2.2) for definitions and A is the 



box given in (2.4). In the next proposition, we compare the (7^^+™+^^ -images of i 
and £. 

Proposition 6.3. The C^ distance between the {g^'^^'^^^^) -images of i and that of 
g"'{i), measured in the ^rn,n- coordinate, becomes arbitrarily small by letting k (hence 
(m, n)) large (remember that k is the subscript for renormahzations in Theorem 



1.2) 
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y 



9 



N2+m+Ni 




JV2+m+Afi/^\ 




h w^iocW) 



Figure 6.1. 



By Remark 



2.6 



I {£) has non-empty intersection with the stable man- 



9N2+m+Ni+n\ 

ifold of the blender Ag. Hence, Proposition 6.3 implies that in the perturbed system 



the unstable manifold W"{Q) has non-empty intersection with the superposition 
region of the blender Ag as a vertical segment for sufhcicntly large m, n. This 
concludes Theorem 11.41 

Thus, we only need to prove Proposition |6.3| Let us start the proof. 



Proof. The proof is obtained by similar calculations in Theorem 1.2 (2). In the 
following, we give explicit calculations of image of two segments with respect to 
^m.ra-coordinate and prove the smallncss of the C^ distance of these two segments. 
Since the coordinate change o is bounded (independent of m and n) , it implies 
the C^ smallness of the difference of two segments in the $,„,n-coordinate. 

• Calculation of£. First, for any (0,t,0) G ^^nW where \t\ < 4, we put 
{x{t),m, m) := *™!„ ° .9^^+'"+^^+" o cO„ „(0, t, 0). 

we know that £ does not get any effect by the perturbation. 



6.2 



Note that by Lemma 

Thus by the same procedure as in (5.9|-(5.11|, eachentry of (x(i),y(i),z(i)) is given 

as follows: 

x{t) - (A™a-'"aia2 -t- aa/Ja)^ + a"A™a™ai7?i(i„(i)) + <j''a^"'a2H2{SLn{t)) 

y{t) ^fl + a''~X"'b,a2t + /3jb2f + a^''X"'a^"'biHi{k,,{t)) + 2ta'' d''"' P2b2H2{^n{t)) 
+ ia"C"V"/32fo4i^3(x„(i)) + a2"C"a3™&4i^2(x„(i))i?3(x„(t)) 

+ a2"a4™62i?2(x„(i))^ + a2"C'™a2™63i?3(x„(t))2 + a^^ d^^ H2(^rn{t)Y 
z{t) = (A"a-™cia2 + C2h)t + a"A'"a"ciiJi(i„(i)) 

+ a"a2™C2iJ2(x„(i)) + a"a'"H3(i,n(i)). 

Here, x„(i) and Xm(^) in the higher order terms are given as 

x„ W = 5" o $„,„(0, i, 0) - (0, 1, 0), x„(i) = 5™+^i+" o $„,„(0, t, 0) - (0, 1, 1). 
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• Calculation of L Next, for any point (A",l + cr^"o-^^™t, 0) G I where |i| < 
4/3|62; let us calculate its image under ^~\j o gN^+m+Ni ^ First, if m, n are suf- 
ficiently large, then I is contained in the domain of the definition of the tran- 
sition from Ux to Uy- Thus g^^{t) C Up. Then, we calculate g'"+^i(£) := 
(x(t), y(i) + 1. z(i) + 1). They are given as follows: 

x(t) = A™ + ta-"a-2™^^ _ ^ny"a3 -f A™i?i(x„(t)), 
y(t) = ia-"a-™/32 + a'"i/2(i„W), 
z(t) = ri^3(i«(i)). 



By a similar argument to obtain (5.81, we can check that these three numbers 



converge to zero as m,n tends to -l-oo. Hence these points are in the domain of 



transition map from Up to C/q, see also Remark 6.4 after the end of this proof. 
Finally, we calculate 

{X{t), y{t),z{t)) :^ ^-l^ O g^^+rn+N, ^yu ^ ^ ^ ^-"^-2™^^ Q). 

By the same computation as the proof of Theorem |1.2| -(2), one has 
x{t) = {X^a-^aia^ + aa/Ja)^ + a"A™a'"aii?i(x„(t)) -f a"a2™a2i/2(x„(i)) 
+ a"r^"a3i^3(X«(i)) + a"a™ffi(x,„(t)) - A™C"'^"'^"aia3; 
y{t) =fl + a"A"6ia2t + /3|fo2i' + a2"A™a2™6iiJi(i„(i)) -K 2ta'^d^"'l32b2H2iMt)) 

+ ia"C™^'"/32fo4i^3(x„(i)) + a2"ra3™fe4i^2(x„(i))iJ3(A„(t)) 

+ a'-a'^-b^H^iinit))' + a2"C'"'^""63i^3(x„(t))2 
+ a2"a2™H2(i™(i)) - A"C"^'"^'"^ia3; 
z{t) = (A"a-™cia2 + C2/32)t + a"A"'a"ciiJi(x„(t)) 

where 

x„(<) = (A", a-"a-2™t, 0), x,„(i) = .g™+^i (A", 1 + a-"^-^™^^ q) _ (g^ ^^ ^)^ 
Note that convergence of the higher order terms in the above {x{t),y{t),z{t)) 



and {x(t),y{t), z{t)) are already contained in the proof of Theorem 1.2 (2). Then 
we have 

\Mt),yit),z{t)) - {i{t),y{t),m)\y ^ 0(A"C"^""'t2"). 

The conditions ( 1.3 )-( 1.4 1 imply that X"^("a'^"^(j'^" converges to as tti, n — >■ cx). D 



Remark 6.4. Let us discuss the importance of the perturbation 0„. // we do not 
give the perturbation, then (^'"+^1 (£) is in general not contained in the domain of the 
transition f^^. More precisely, without On, in the y-coordinate of g™~^'^^{£) there 
remains a term of the form A"'(^"'/32 which converges to some non-zero constant. 
The perturbation 0„ is performed so as to annihilate this term. 
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